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Abstract. We demonstrate that the microscopic Time-dependent Hartree-Fock (TDHF) theory provides an im-
portant approach to shed light on the nuclear dynamics leading to the formation of superheavy elements. In
particular, we discuss studying quasifission dynamics and calculating ingredients for compound nucleus for-
mation probability calculations. We also discuss possible extensions to TDHF to address the distribution of
observables.
1 Introduction
Synthesis of superheavy elements (SHE) [1] with fusion-
evaporation reactions is strongly hindered by the quasifis-
sion (QF) mechanism which prevents the formation of an
equilibrated compound nucleus and depends on the struc-
ture of the reactants. Within the last few years the time-
dependent Hartree-Fock (TDHF) approach [2–4] has been
utilized for studying the dynamics of quasifission [3,5–14]
and scission dynamics [15–20]. Such calculations are now
numerically feasible to perform on a 3D Cartesian grid
without any symmetry restrictions and with much more
accurate numerical methods [21–24].
Much progress has been obtained by the commu-
nity working on developments and applications of the
time-dependent mean-field approaches to nuclear dynam-
ics since the last edition of the FUSION conference [25–
30]. Particularly, the study of quasifission is showing a
great promise to provide insight based on very favorable
comparisons with experimental data [8,10]. These include
comparison with experimental kinetic energy (TKE) and
mass-angle distributions (MAD). In particular, the depen-
dence of quasifission on the orientation of deformed nuclei
[31–34], time-scales for the quasifission process [35–37],
the connection between the sticking times and the rota-
tion of the compound nucleus [35,38], influence of magic
shells [8,39–41] are some of the experimental insights ob-
tained from the theory. Similarly, an extension of TDHF
called the density-constrained TDHF [42,43] (DC-TDHF)
has been used to obtain microscopic potential barriers,
capture cross-sections, and excitation energies for super-
heavy [44,45] and lighter systems [46,47].
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2 Insights from TDHF
2.1 Capture cross-sections
The experiments to discover new elements are notori-
ously difficult, with fusion evaporation residue (ER) cross-
section in pico-barns. This cross-section is commonly ex-
pressed in the product form
σER =
Jmax∑
L=0
σcap(Ec.m., L)PCN(E∗, L)Wsur(E∗, L) , (1)
where σcap(Ec.m., L) is the capture cross section at center
of mass energy Ec.m. and angular momentum L. PCN is the
probability that the composite system fuses into a com-
pound nucleus (CN) rather than breaking up via quasifis-
sion, and Wsur is the survival probability of the fused sys-
tem against fission.
The TDHF time-evolution coupled with the DC-TDHF
approach have been used to calculate capture cross-
sections (cross-section for the system to be trapped in a
potential pocket) for a variety of systems [44,45]. Cal-
culation of capture cross-sections for reactions involving
deformed nuclei are particularly difficult since an average
over all orientations of the deformed nucleus with respect
to the beam direction has to be taken [46]. In Fig. 1 we
plot the calculated capture cross-sections with the corre-
sponding experimental ones. We see that there is a very
reasonable agreement with the experiment for these sys-
tems. The dashed line shows a linear dependence for sys-
tems with 208Pb as the target. The systems with 238U target
fall on another line with different slope [35,48,49].
2.2 Mass-angle distributions
Study of quasifission together with capture are intimately
related to understanding the process for forming a com-
pound nucleus, the quantity named PCN in Eq. 1 [50]. Fig-
ure 2 shows the time-evolution of the 50Ti +249 Bk reaction
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Figure 1. Capture cross-sections calculated using TDHF and
the corresponding experimental values plotted as a function of
Z1Z2. The dashed line shows a linear dependence for systems
with 208Pb as the target. The systems with 238U target fall on
another line with different slope [35,48,49].
at Ec.m. = 233 MeV and impact parameter b = 1.0 fm [14].
For this impact parameter and energy TDHF theory pre-
dicts quasifission. As the nuclei approach each other, a
Figure 2. Quasifission in the reaction 50Ti +249 Bk at Ec.m. =
233 MeV with impact parameter b = 1.0 fm. Shown is a contour
plot of the time evolution of the mass density. Time increases
from left to right and top to bottom.
neck forms between the two fragments which grows in
size as the system begins to rotate. Due to the Coulomb re-
pulsion and centrifugal forces, the dinuclear system elon-
gates and forms a very long neck which eventually rup-
tures leading to two separated fragments. In this case, the
contact time is found to be 16 zs.
The utilization of TDHF to study quasifission can
serve to gain insights about this reaction process that is
not easily available from the experiments. Experimen-
tally, the produced fragments in the collisions of relatively
heavy systems originate from deep-inelastic, quasifission,
and fusion-fission events. Fragments produced from deep-
inelastic collisions correspond to smaller mass/charge ex-
change, while the fragments from the fusion-fission peak
around the symmetric breakup of the equilibrated excited
compound nucleus. Fragments coming from the quasifis-
sion process fill the region in between but can also con-
tribute to the symmetric breakup region. Sometimes these
are referred to as fast-quasifission (t≈few-35 zs) versus
slow-quasifission (t>35 zs). We observe that the quasifis-
sion is a dynamical process and does not correspond to an
equilibrated system. One of the best ways to visualize the
distribution of produced fragments is through the so-called
mass-angle distribution (MAD) [32,35]. In Fig. 3 we show
MADs corresponding to two reactions (a) 40Ca+238U at
energy Ec.m./VB = 1.142 [8], and (b) 54Cr+186W at en-
ergy Ec.m./VB = 1.130 [10], where VB corresponds to the
Bass barrier height. The plot shows the detected fragments
with respect to their c.m. detection angle and mass-ratio
MR = M1/(M1 + M2). The filled symbols show the frag-
ments obtained from TDHF calculations marked by the
value of the initial orbital angular momentum in units of
~ (a) or the impact parameter in units of fm (b). The multi-
plicity of the experimental masses are shown in the adjoint
legends. These reactions illustrate very clearly the defor-
mation dependence of the quasifission products. For the
highly asymmetric reactions involving an actinide nucleus
such as the 40Ca+238U system, the large deformation of
Uranium has a major impact on quasifission products. As
we see in Fig. 3(a) the TDHF results originating from col-
lisions with the tip of the Uranium (purple symbols) con-
tribute mainly to the mass asymmetric regions, whereas
collisions with the side of the Uranium (cyan symbols)
provide significant contribution to the more mass symmet-
ric region. For the less mass asymmetric and neutron-rich
system 54Cr+186W shown in Fig. 3(b) TDHF contributes
less to the mass symmetric region and the effects of de-
formation has largely disappeared. The primary reason for
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Figure 3. MADs corresponding to two reactions (a) 40Ca+238U
at energy Ec.m./VB = 1.142 [8], and (b) 54Cr+186W at energy
Ec.m./VB = 1.130 [10], where VB is the corresponding Bass bar-
rier height. The filled symbols show the fragments obtained from
TDHF calculations marked by the value of the initial orbital an-
gular momentum in units of ~ (a) or the impact parameter in units
of fm (b). The density of the experimental masses are shown in
the adjoint legends.
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the tip orientation resulting in a more asymmetric breakup
is due to the fact that for this orientation nuclei come into
contact earlier and rapid excitation builds up while the sys-
tem is still in a less compact configuration [45]. We also
note that the calculations correctly produce the transition
from deep-inelastic to the quasifission regime. In addition,
TDHF calculations also explain the dependence of MADs
on the beam energy [8], as well as the dependence on the
neutron-richness of the target and/or projectile [10].
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Figure 4. Shown are the (a) rotation angle and (b) mass/charge
transfer as a function of contact time (zs) for 54Cr+186W at energy
Ec.m./VB = 1.130. The numbers adjoint to points indicate the
impact parameter in units of fm.
Other quantities that can be studied are the relationship
between the mass/charge transfer and rotation angle with
the contact-time (time interval from initial contact to scis-
sion). In Fig. 4 we show these quantities for 54Cr+186W at
energy Ec.m./VB = 1.130. In Fig. 4 we plot the rotation an-
gle (a) and mass/charge transfer (b) as a function of contact
time (zs) for 54Cr+186W at energy Ec.m./VB = 1.130. The
numbers adjoint to points indicate the impact parameter in
units of fm. We note from Fig. 4(a) that the rotation an-
gle generally increases for smaller impact parameters with
the caveat that for small impact parameters the relationship
may not be linear i.e. the rotation angle for b = 2.4 fm is
longer than that for b = 2.0 fm. This was also observed
for other systems [14]. A similar behavior is observed in
the mass and charge transfer for the tip orientation as seen
in Fig. 4(b).
2.3 Fragment TKEs
The total kinetic energy of the fission fragments has
been investigated experimentally for several systems [39–
41] The quasi-fission contact times are long enough to
enable the conversion of the initial relative kinetic en-
ergy in to internal excitations. Experimentally, the mea-
sured total kinetic energy (TKE) of the quasi-fission frag-
ments in 40,48Ca+238U reactions is in relatively good agree-
ment with the Viola systematics [34,35]. The TDHF ap-
proach contains one-body dissipation mechanisms which
are dominant at near-barrier energy. It can then be used
to predict the final TKE of the fragments. The TKE of
the fragments formed in 40Ca+238U have been computed
for a range of central collisions up to 10% above the bar-
rier. Figure 5 shows that the TDHF predictions of TKE are
in excellent agreement with the Viola systematics [51,52].
This indicates that the relative TKE of the quasi-fission
fragments are primarily due to their Coulomb repulsion
and do not carry a fraction of the initial TKE as is the case
for deep-inelastic collisions.
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Figure 5. TKE of both the light and heavy fragments formed in
40Ca+238U central collisions at Ec.m./VB = 1.0 − 1.1. The solid
line represents TKE values based on the Viola formula [51].
However, a detailed study of the 48Ca,50Ti+249Bk sys-
tems also shows an influence of the orientation on the TKE
[14]. This is illustrated in Fig. 6 which shows that colli-
sions with the tip are less dissipated than collisions with
the side of the actinide. Recently, very nice results have
also been obtained for the 64Ni+238U system [53] which
compares favorably to the experiment [48].
2.4 Shape evolutions
The proper characterization of fusion-fission and quasifis-
sion is one of the most important tasks in analyzing reac-
tions leading to superheavy elements. Experimental analy-
sis of fusion-fission and quasifission fragment angular dis-
tributions W(θ) is commonly expressed in terms of a two-
component expression [54–58],
W(θ) =
JCN∑
J=0
F (FF)J (θ,K20 (α)) +
Jmax∑
J=JCN
F (QF)J (θ,K20 (α)), (2)
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Figure 6. TKE-mass correlations in (a) 48Ca+249Bk and (b)
50Ti+249Bk. Tip (side) orientations are plotted with open (filled)
symbols. The TKE is normalized to the TKE from Viola system-
atics using the masses and charges of the fragments in the exit
channel. Adapted from [14].
where α ≡ FF (fusion-fission) or QF (quasifission).
Here, JCN defines the boundary between fusion-fission and
quasifission, assuming a sharp cutoff between the angular
momentum distributions of each mechanism.
The quantum number K is known to play an impor-
tant role in fission [59]. The latter is defined as the projec-
tion of the total angular momentum along the deformation
axis. In the Transition State Model (TSM) [59], the char-
acteristics of the fission fragments are determined by the
K distribution at scission. The argument K0 entering Eq. 2
is the width of this distribution which is assumed to be
Gaussian. It obeys K20 = T=e f f /~2 , where the effective
moment of inertia, =e f f , is computed from the moments of
inertia for rotations around the axis parallel and perpendic-
ular to the principal deformation axis 1=e f f =
1
=‖ − 1=⊥ , and
T is the nuclear temperature at the saddle point. The physi-
cal parameters of the fusion-fission part are relatively well
known from the liquid-drop model [60,61]. In contrast,
the quasifission process never reaches statistical equilib-
rium. In principle, it has to be treated dynamically, while
Eq. (2) is based on a statistical approximation. In addi-
tion, the usual choice for the nuclear moment of inertia for
the quasifission component, =0/=e f f = 1.5 [50,55,62], is
somewhat arbitrary. Here, =0 is the moment of inertia of
an equivalent spherical nucleus.
We have developed methods to extract these ingredi-
ents directly from TDHF time-evolution of collisions re-
sulting in quasifission [12]. The main collective observ-
able of interest for fission and quasifission (both dynam-
ical and statistical) studies is the moment of inertia of
the system. The proper way to calculate the moment-of-
inertia for such time-dependent densities (particularly for
non-zero impact parameters) is to directly diagonalize the
moment-of-inertia tensor represented by a 3×3 matrix with
elements
=i j(t)/m =
∫
d3r ρ(r, t)(r2δi j − xix j) , (3)
where ρ is the local number-density calculated from TDHF
evolution, m is the nucleon mass, and xi=1,2,3 denote the
Cartesian coordinates. Numerical diagonalization the ma-
trix = gives three eigenvalues. One eigenvalue corre-
sponds to the moment-of-inertia =‖ for the nuclear system
rotating about the principal axis. The other two eigenval-
ues define the moments of inertia for rotations about axes
perpendicular to the principal axis.
Using the time-dependent moment-of-inertia obtained
from the TDHF collision one can calculate the so-called
effective moment-of-inertia defined above. It is standard to
compute the effective moment of inertia relative to a spher-
ical system using the mass independent quantity =0/=e f f ,
where =0 is the moment-of-inertia of a spherical nucleus
with the same number of nucleons [50,58].
In our publication [12] we have calculated the
moment-of-inertia ratio for the 48Ca + 249Bk non-central
collisions at Ec.m. = 218 MeV. At the point of final touch-
ing configuration the moment-of-inertia ratios are in the
range 1.4 − 1.8, suggesting a relatively strong impact pa-
rameter dependence. We have also studied the energy, im-
pact parameter, and orientation dependence of this ratio
and shown that a simple impact parameter modeling of the
ratio may not be appropriate. Some of these methods have
been utilized in experimental papers [63].
3 Beyond TDHF Calculations
The mean-field description of reactions using TDHF pro-
vides the mean values of the proton and neutron drift.
It is also possible to compute the probability to form
a fragment with a given number of nucleons [22,64–
66], but the resulting fragment mass and charge distri-
butions are often underestimated in dissipative collisions
[67,69]. Much effort has been done to improve the stan-
dard mean-field approximation by incorporating the fluc-
tuation mechanism into the description. At low energies,
the mean-field fluctuations make the dominant contribu-
tion to the fluctuation mechanism of the collective mo-
tion. Various extensions have been developed to study
the fluctuations of one-body observables. These include
the TDRPA approach of Balian and Vénéroni [68], the
time-dependent generator coordinate method [70], or the
stochastic mean-field (SMF) method [71]. The effects of
two-body dissipation on reactions of heavy systems using
the TDDM [72,73], approach have also been recently re-
ported [74,75]. Here we discuss some recent results using
the SMF method [76].
In the stochastic mean-field (SMF) approach, the fluc-
tuations in the initial state are incorporated in a stochas-
tic manner by introducing a proper distribution the initial
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single-particle density matrices [71]. This results in an
ensemble of single-particle density matrices generated by
evolving each density in its own mean-field Hamiltonian.
By calculating the expectation values of an observable in
each event, it is possible to determine probability distribu-
tions of observables. In a number of studies, it has been
shown that the SMF approach provides a good approxi-
mation for fluctuations of the collective motion. In par-
ticular, in small amplitude limit, the approach gives rise
to the same expression for the dispersion of one-body ob-
servables familiar from the variational approach of Balian
and Vénéroni [68]. In the di-nuclear regime, the SMF ap-
Figure 7. Primary distribution of the target-like fragments pro-
duced in central collision of 40Ca+238U at Ecm = 202 MeV.
Lines indicate equal production probability exp (−C) relative to
the central fragment with C = 0.5, 1.0, and 1.5. Calculated in
Stochastic mean-field approach in semi-classical limit.
proach gives rise to Langevin description for nucleon ex-
change between projectile-like and target-like nuclei char-
acterized by diffusion and drift coefficients [77]. It is well
known that the Langevin description is equivalent to the
evolution of the distribution function of the collective vari-
able according to the Fokker-Plank equation. As a re-
sult of this equivalence, instead of carrying out stochastic
simulations, it is more convenient to calculate the trans-
port coefficients and employ the Fokker-Plank approach.
When the drift coefficients are linear functions of mass and
charge asymmetry variables, the primary fragment charge
and mass distribution P (N,Z, t), is given by a correlated
Gaussian in the neutron-proton plane. The distribution
function is specified by the mean neutron, N, and mean
proton, Z, numbers of target-like or project-like fragments,
and co-variances σNN , σZZ , and σNZ . The co-variances
are determined by a set of coupled differential equations
in which the inputs are provided by the neutron and proton
diffusion and the drift coefficients. In the SMF approach
these transport coefficients are calculated in terms of the
solutions of the TDHF equations. Calculations take into
account the full collision geometry and do not involve any
fitting parameter other than the standard parameters of the
Skyrme interaction. In the earlier investigations, transport
coefficients were calculated in the semi-classical approx-
imation in Markovian limit [76,78]. Recently, we were
able to calculate these transport coefficients in the quantal
framework by including the shell structure and the Pauli
blocking in an exact manner [79]. As an example, in Fig. 7
we show the result of nucleon diffusion calculations in the
central collisions of 40Ca+238U system at bombarding en-
ergies Ecm = 202 MeV. Figure 7 illustrates a few equal
probability lines for primary population of the target-like
fragments at the exit channel in the (N,Z) plane. Prob-
ability of populating a fragment with neutron and proton
numbers (N,Z) relative to the fragment with mean neu-
tron numbers
(
N,Z
)
is determined by e−C , where C in-
dicates numbers on the equal probability lines shown in
Fig. 7. In this figure dot at the centers of ellipses indicates
the elements with the mean neutron and proton number
at the exit channel. The mean values of neutron and pro-
ton numbers at the exit channel are
(
N = 125,Z = 82
)
and(
N = 137,Z = 86
)
in Ca induced collisions. For exam-
ple, the probability of populating a heavy trans-uranium
primary fragment with
(
N = 155,Z = 98
)
relative to the
probability of populating the element with mean neutron
and proton numbers is about exp (−0.5) = 0.6. We note
that the correlated Gaussian function specified by the first
two moments provides an approximate description of the
primary fragment population. The approximation is rea-
sonable within the ellipse with C = 1.0 around the center
point, but becomes gradually unreasonable as we move out
from the center points near to the tail of the distribution
function. For example, as seen beyond the upper ends of
the ellipse with C = 1.5, we observe finite but small prob-
abilities for populating fragments even exceeding the total
mass of the system. Therefore, in particular near the tail
region, more accurate description of the fragment popula-
tion probability is required. Also we, note that the primary
fragments de-excite by fission and by light particle emis-
sion. This de-excitation process is not incorporated into
the calculations.
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